CARDINAL INVARIANTS FOR C-CROSS TOPOLOGIES 
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\ Abstract. C-cross topologies are introduced. Modifications of 

the Kuratowski-Ulam Theorem are considered. Cardinal invari- 



o 



in 



X 



ants add, co/, cow and non with respect to meager or nowhere 
dense subsets are compared. Remarks on invariants cof(nwdy) 
are mentioned for dense subspaces Y C X. 



1. Introduction 



Let X x Y = {(x, y) and y G F} denote the Cartesian prod- 

uct of sets X and Y. For a subset G C X x F let G x denote a vertical 
section {w G F : (x, y) G G} and let G y denote a horizontal section 
{a; G X : (x, ?/) G G}. Let X be a set and J 7 be a family of subsets 
of X. Assume that X = {JJ r . Consider following cardinal invariants 
\q '. assign to X and T . 

• The minimal cardinality of a subset F C X with F ^ T is denoted 
^ ■ by non (J 7 ). 

• The minimal cardinality of a subfamily W C JF such that [J W ^ J 7 
is denoted by add (J 7 ). 

• The minimal cardinality of a subfamily W C T such that [J W = X 
is denoted by cow(jF). 

• The minimal cardinality of a subfamily W C such that for any 
F G there exists Z G W with F C Z, which is denoted by co/(jF). 
Recall a few well know (a folklore) facts. 

• cow(jF) < coj[T). 

• IfX(£F, then won (J") < co/fT). 

• If X £ J 7 , then add (J 7 ) < cot; (J 7 ). 

• If {{x} : i G 1} C then add (J 7 ) < non (J 27 ). 
Such cardinal invariants have been used by many authors. Usually, 
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these invariants are considered for subsets or subfamilies of the reals 
KL Sometimes for other topological spaces. For instance J. Kraszewski 
[TO] studied inequalities between such cardinal invariants for Cantor 
cubes. Z. Piotrowski and A. Szymahski [TH] considered cardinal func- 
tions add, cov and non for arbitrary topological spaces. Nevertheless, 
compare the last survey article by A. Blass [2j which contains a huge 
bibliography. 

Let X be a topological space with a topology /i. The ideal of all 
nowhere dense subset of X is denoted by nwdx or by nwd^ but M. x 
or M.^ denote the a— ideal of all meager subsets of X. A family T 
of non-empty subsets of X is a ir-network if each non-empty open 
subset of X contains a member of T . Any 7r-network is called n-base 
whenever it contains open sets, only. The minimal cardinality of a tt- 
base for X is denoted by vr(A). In this note it is assumed that any 
cardinal invariant is infinite. A topological space which satisfies the 
Baire category theorem is called Baire space. If a Ti-space X is dense 
in itself, then 1J nwdx = A and X ^ nwdx and {{x} : x G A} C nwdx- 
Additionally, if A is a Baire space, then X ^ M.x and cov (nwdx) > <jJ\. 

For topological spaces X and Y let 7 be a family of all subsets of 
X x Y such that for each G G 7 all vertical sections G x are open in 
Y and all horizontal sections G v are open in X. The family 7 is a 
topology on X x Y. It is usually called the cross topology. A function 
/ : X x Y — > Z is separately continuous whenever all maps (which 
make one of the two variables constant) y — > f(z, y) and x — > f(x, z) are 
continuous. In fact, the cross topology 7 is the weak topology on X x Y 
generated by the family of all separately continuous functions into any 
topological space. The product topology on X x Y is denoted by r. 
The topology r is generated by the family of rectangles {U x V : U C 
X is open and V C Y is open}. The topology of separate continuity 
on X x Y is denoted by a. The topology a is the weak topology on 
X xY generated by the family of all separately continuous real- valued 
functions. The topology 7 is finer than the product topology r and the 
topology of separate continuity a. Topologies r, a and 7 have been 
compared a few time in the literature. The first systematic study was 
done by C. J. Knight, W. Moran and J. S. Pym [H] and [9], see also 
J. E. Hart and K. Kunen [H] or M. Henriksen and R. G. Woods |Zj for 
some comments and exhaustive references. 
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We consider some modifications of the cross topology 7. It is intro- 
duced the family of C-cross topologies on A x Y . Under some addi- 
tional assumptions any C-cross topology fulfills the Kuratowski-Ulam 
Theorem, see Theorem [2j A proof that each open and dense set with 
respect to r is open and dense with respect to C-cross topology needs 
some other assumptions about C, see Corollary El Special cases when 
the product topology of two Baire space is a Baire space are gener- 
alized by Theorem EJ In [2j was stated conditions under which each 
nowhere dense set in r is nowhere dense in 7. Theorem El and Corollary 
El establish conditions with C-cross topologies onRxR for similar re- 
sults. Cardinal invariants for various C-cross topologies are calculated 
in theorems [HI and El In Lemma [THl Corollary [TT] and Theorem [12] 
are improved some results concerning cofinality of nowhere dense or 
meager sets in separable metric spaces, compare p]. 



2. C-CROSS TOPOLOGIES 



Let A and Y be topological spaces. Consider a family C of subsets 
of X x Y which is closed under finite intersections and such that for 
each G G C all vertical sections G x have non-empty interior in Y, and 
all horizontal sections G y have non-empty interior in X. The topology 
generated by C is called C-cross topology. Obviously, C is a base for the 
C-cross topology and topologies r, o and 7 are C-cross topologies. 

Let § be the Sorgenfrey line. By S n and W n denote products of n- 
copies of § and the reals E with product topologies, respectively. One 
can check that = nwcfen,. Indeed, the family of all products 

of n-intervals with rational endpoints is a 7r-base for S n and M". So, 
both spaces have the same nowhere dense subsets. Recall that, see A. 
Todd J22] or compare [Zj, topologies a and r on a set X are U-related 
if t contains a 7r-network for the topology a on A and a contains 
a 7r-network for the topology r on A. Note that, different C-cross 
topologies on A x Y have not to be Il-related, see \j\ Theorem 3.6 for 
suitable counter-examples. The next lemma is a small modification of 
Proposition 3.2 in 0. 

Lemma 1. If topologies a andr on a set X areH-related, then a -dense 
subspaces and r-dense subspaces are the same. Also, a-nowhere dense 
subsets of X and r -nowhere dense subsets of X are the same. □ 
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Lemma [T] generalizes the fact that spaces S n and M n have the same 
dense subspaces, and the same nowhere dense sets. In [Zj, it is ap- 
plied to the topology of separate continuity. The plane RxR has the 
same dense subspaces and the same nowhere dense sets for the product 
topology and for the topology of separate continuity, respectively. This 
is not true for the cross topology, see [Zj Theorem 3. 6. a. 

The proof of the following theorem requires that C contains a n- 
network for the product topology r and it needs the inequality 7r(Y) < 
add(Mx)- 

Theorem 2. Let X xY be equipped with a C-cross topology such that 
the family C contains a ir-network for the product topology r and let 
tt(Y) < add(Aix) ■ If a set E C X xY is open and dense with respect 
to the C-cross topology, then there exists a meager subset PCX such 
that any section E x = {y G Y : (x, y) G E} is dense in Y, for each 

xeX\P. 

Proof. Let U be & 7r-base for Y of the cardinality it(Y). For each V G U 
and any non-empty and open W C X the rectangle W x V has non- 
empty interior with respect to the C-cross topology, since the family C 
contains a 7r-network for the product topology. The intersection E fl 
(W x V) contains a non-empty C-cross open subset. By the definition of 
aC-open set there exists q G V such that ^ h& x (En {W x V)) q C W. 
For abbreviation let A v = {x G X : ({x} xV)n£^f)}. Since W is 
an arbitrary open subset of X and lntx(E fl (W x V)) 9 C A v , then 
one concludes that each set A v C X contains an open dense subset. 
Put P = X \ f]{A v : V G IA\. The set P C X is meager, since 
tt(Y) < add(Mx)- For each point x G f]{A v : V G U\ the set 
Inty E x C Y has to be dense. □ 

Theorem [2] is a modification of the Kuratowski-Ulam Theorem, com- 
pare fl5], [11], or (4j. One can call it the Kuratowski-Ulam Theo- 
rem, too. The next corollary follows from the Kuratowski-Ulam The- 
orem which is applied to the product topology r. Its proof needs that 
C contains a 7r-base instead of a 7r-network. 

Corollary 3. Let X x Y be equipped with a C-cross topology such 
that the family C contains a it -base for the product topology t and let 
tt(Y) < add(Aix) o,nd assume that any non-empty and open subset of 
X is not meager. If a set E C X x Y is open and dense with respect 
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to the product topology, then E contains a subset G which is dense and 
open with respect to any C -cross topology. 

Proof. Let U C C be a 7r-base for the product topology r. The union 

G = \J{V G U : V C E} 

is a C-cross open set and open dense with respect to the product topol- 
ogy. Apply the Kuratowski-Ulam Theorem for the product topology 
r. There exists a meager subset PCX such that the section G x C Y 
is open and dense, for any x G X \ P. Suppose that a non-empty 
C-cross open set V is disjoint with G. For any (p, q) G V we get 
Intx V q 7^ 0. So, for each x G Intx V q the set G x C K is not dense. 
But the non-meager set Intx U 9 can not be contained in the meager 
set P, a contradiction. □ 

Recall that, a space is called quasiregular if each non-empty open 
set contains the closure of some non-empty open set. Let a space Y be 
quasiregular and r C C and /i be the C-cross topology. Suppose that 
for any set G G \i all vertical sections G x C Y are open. Under such 
assumptions Corollary El would be deduced from the proof of Lemma 
3.4 (a) in [7J. One should adopt the proof, since the lemma concerns 
Tychonoff spaces and takes the topology 7 instead of \i. In fact, 7^ 
V G /i implies Int T cl M V 7^ 0. But \x is finer than r, hence V fl i£ = 
imply cl M V fl = 0, for each set E <E t. If additionally is dense 
with respect to r, then it should be V = 0. So, i£ has to be dense with 
respect to /x, too. 

3. C-MEAGER SETS 

Let us examine the Baire category theorem with respect to C-cross 
topologies. The next theorem is related to results which were obtained 
by A. Kucia [12] or D. Gauld, S. Greenwood and Z. Piotrowski j5j. Our 
proof is a small improvement of Theorem [2j 

Theorem 4. Let X x Y be equipped with a C-cross topology such that 
the family C contains a n-network for the product topology r and let 
tt(Y) < cov(Aix)- If a family {E a C X x Y : a < A} consists of sets 
which are open and dense with respect to the C-cross topology, then 
the intersection f]{E a : a < A} is non-empty for any cardinal number 
A < min{ cov (/Ax), cov(A4y)}. 
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Proof. Assume that U is a 7r-base for Y of the cardinality n(Y). If 
V G U, then for every non-empty and open W C X the rectangle 
W x V has non-empty interior with respect to the C-cross topology. 
Similarly like in the proof of Theorem [2] one concludes that each set 

A v a = {x G X : ({x} xV)DE a =£(b} 
contains a dense open subset of X. There exists a point 
x e fY A « : ^ e W and a < A}, 

since ir(Y) < cov(A4x) and A < cov(Mx)- Any vertical section 
(E a ) x Q Y contains a dense open subset of Y. There exists y G 
f]{(E a ) x : a < A}, since A < cov(My)- So, (x,y) G f]{E a : a < 
A}. □ 

Cases when the product topology of two Baire space is a Baire space 
are generalized onto C-cross topologies by Theorem HJ This theorem 
does not work whenever n(Y) > cov(A4x)- Let D x be a Cantor cube. 
Obviously, vr(Z) A ) = A. In [TT] it was explicitly observed, compare also 
D. Fremlin, T. Natkaniec and I. Reclaw |3], that: 

// a set E C X x D x is open and dense with respect to the product 
topology, then there exists a meager subset PCX such that any vertical 
section E x = {y G D x : (x, y) G E} is dense in D x , for each x G X\P. 

This implies that the product topology on X x D x satisfies the Baire 
category theorem, whenever X is a Baire space. Our results suggest a 
list of questions. For example: 

Question. Does the Baire category theorem hold for the cross topology 
on X x D x , whenever A > cov(Aix) > ^1? 

4. The plane equipped with a C-cross topology 

From now on we consider the plane IxR with various C-cross topolo- 
gies. The cross topology on the plane is not quasiregular. Indeed, 
every graph of an one-to-one function is closed and nowhere dense 
with respect to the cross topology, see jB] Proposition 1.2. There are 
many one-to-one functions with r-dense graphs. Any complement of 
a such graph witnesses that the cross topology is not quasiregular, 
since ^ V G 7 implies Int r cl 7 V 7^ by Lemma 3.4 in 0. From 
this lemma it follows that topologies r and a are Il-related. Therefore 
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nwd T = nwdcr and M T = M a . However, these equalities do not hold 
for r and 7. There hold nwdr C nwdy and M T C My. Indeed, sup- 
pose that F = c\ T F G nwd T . Then cl 7 F = F, since 7 is finer then 
r. Hence Int r F = 0. Consequently F G nwd^, since Int T cl 7 F = 
Analogically, one verifies that M T C M-y. Because any graph of an 
one-to-one function belongs to nwdy, it should be nwd T 7^ nwdy and 

M T + My. 

Theorem 5. If F G nwd T , then F is nowhere dense with respect to 
a C -cross topology //, whenever the family C contains a it -base for the 
product topology r. 

Proof. Let F G nwd T and let U C C be a 7r-base for r. The union 
W = [J{V G U : V fl F = 0} is r-open and r-dense. It is also /i-open, 
since it is the union of /x-open sets which belong to U. Suppose that 
(p, q) E H = Int M (R xR\ W). Then for any a; G Int R iJ 9 the section 
is not dense in K. We have a contradiction with the Kuratowski-Ulam 
theorem which one applies with W and r. □ 

Corollary 6. If F G -M TJ t/ien F «s meager with respect to a C-cross 
topology, whenever the family C contains a ir-base for the product topol- 
ogy T. □ 

The next theorem is formulated for the cross topology 7. However, 
it holds for any C-cross topology which satisfies Theorem [2] and such 
that graphs of one-to-one functions are nowhere dense. For Hausdorff 
spaces X and Y graphs of one-to-one functions are nowhere dense with 
respect to the cross topology, see [H| Proposition 1.2.4. 

Theorem 7. cof(nwdy) > 2 W and cof(M y ) > T . 

Proof. Consider a transfinite family {F a : a < 2 W } C nwd^ . Choose 
(Poj Qo) ^ K x K \ F . Assume that points 

{(pp, q(3 ) eRxRXFp: (3 <a} 

which have been already chosen constitute the graph of an one-to-one 
function. By Theorem there exists a meager subset P a C R such 
that the vertical section (R x R \ F a ) x C R is open and dense for 
each x G R \ P a . Choose a point p G R \ (P a U {pp : /3 < a}) and 
a point g G (R x R \ F a ) p \ {qp : (3 < a}. Put p = p a and g = g Q . 
The set {(p a ,Qa) '■ « < 2 W } C nrod, is contained in no F a . Hence 
cof(nwdy) > 2 W . The proof that cof(Mj) > 2 W is analogical. □ 
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Theorem 8. If /J, is a C-cross topology such that the family C contains 
a 7i -base for the product topology r, then cov (M^) = cov (Mr). 

Proof. Let T C nwa\ be a family of closed subsets which witnesses 
cov (Mr) = cov(nwdm). Put H = {R x V : V G J 7 }. By the definitions 
H C nwd T . By Theorem EJ one infers Ti C nwd^. Since = R x R, 
then cov(M^) < cov (Mr). 

Assume that {F a : a < cov(M fl )} C nwd^ is a family of /x-closed set 
which witnesses cov(M^). By TheoremOJ there is a meager set P»CR 
such that for any section (R x~R\F a ) x C R is a dense and open for each 
index a and any point x G R\P Q . Suppose that cov(M^) < cov (Mr). 
Hence, there exist a point x G R\ U{-Pa : o. < cov(M^)} and a point 
y G f]{(R x R \ F a ) x : a < cov(M^)}. So, (x,y) $ \J{F a : a < 
cov (Mfj)}, a contradiction. □ 

Theorem 9. Zei n be a C-cross topology such that the family C contains 
a n-base for the product topology r. If X ^ .Mr, then the square X x X 
is not meager with respect to /i. Moreover, non(M fl ) = non(MR). 

Proof. Take X ^ Mr. Suppose that, the square X x X is meager 
with respect to \i. This means F\ U F 2 U . . . = X x X, where any set 
F n G nwd^. Apply Theorem El with X x X. There exist meager subsets 
P n C X such that any section (X x X \ F n ) x C X is open and dense, 
for each x G X \ P n . Hence, for any point x G X \ (P 1 U P 2 U . . .) 
the intersection f]{(^ x X \ F n ),j. : n = 1,2,...} is not meager, a 
contradiction. So, if a set X C R witnesses non(MR), then X x X 
witnesses non(M^). This follows non(M^) < non(MR). 

From Theorem El one infers that any not /i-meager set is not r- 
meager, too. Hence, non(M^) > non(MR). □ 

Question. Is add(M-y) ^ add (Mr) consistent with ZFC? 



5. Miscellanea of cofinality 

If a Hausdorff space X is dense in itself, then cof(nwdx) > oj\. 
Indeed, let Uq, Ui, . . . be an infinite sequence of pairwise disjoint, non- 
empty and open subsets of X. Assume that F ,Fi, ... is a sequence 
of nowhere dense subsets. For each n choose a point x n G U n \ F n . 
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A family of all points nowhere dense subset of X and no F n 

contains this family. So, no sequence of nowhere dense subsets wit- 
nesses cof(nwdx)- But for some Ti-spaces it can be cof(nwdx) = ojq. 
For example, whenever X is countable and all its co-finite subsets are 
open, only. 

Let Y be a separable dense in itself metric space. There holds 
add(nwdy) = uj = non(nwdy), since Y contains a copy of the ratio- 
nal as a dense subset. If Y M.y, then cov(M.y) = cov(nwdy) > 0J\- 
Many differences occur for spaces constructed under additional set- 
theoretical axioms, compare [2|. However, the equality co/(vMr) = 
cof(nwdg) was already proved by D. Fremlin [2j, and a simpler proof 
was given by B. Balcar, F. Hernandez-Hernandez and M. Hrusak [T]. 
From see Theorem 1.6 and Fact 1.5, it follows that cof(JAu) = 
cof(nwdy). Little is known about relations between cof(JHx) and 
cof(nwdx), whenever X is an arbitrary topological space. For metric 
spaces we extract topological properties used in jT|, see the proof of 
Fact 1.5, to get the following. 

Lemma 10. Let X be a dense in itself metric space. If Q is a dense 
subset of X , then for each F G nwdx there exists G € nwdQ such that 
FCd x G. 

Proof. Let B n be the union of all balls with the radius - and with 
centers in F G nwdx- Choose maximal, with respect to the inclusion, 
sets A n C Q fl (B n \ B n+ i) such that distances between points of A n 
are greater than -. Put Ax U A 2 U . . . = G. □ 

Corollary 11. Let X be a dense in itself metric space. If Q is a dense 
subset of X , then cof{nwdo) = cof(nwdx). 

Proof. If Q C X, then cof(nwdQ) < cof(nwdx), since this inequality 
holds for any dense in itself topological space X. Lemma fTUl follows 
the inverse inequality. □ 

Consider A w with the product topology, where a cardinal number A 
is equipped with the discrete topology. By the theorem of P. Stepanek 
and P. Vopenka [2T], compare a general version of this theorem p~3j, one 
obtains oj\ = add(M.\^) = cov(M.\^) = cov{nwd\^). Any metrizable 
space has a a-discrete base. Each selector defined on elements of a such 
base witnesses add{nwd\^) = u , since and X u is a metrizable space. 
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Indeed, any such selector is a countable union of discrete subsets and 
each discrete subset of a dense in itself Ti-space is nowhere dense. Every 
non-empty open subset of A w contains a family of the cardinality A 
which consists of non-empty, pairwise disjoint and open subsets. Hence 
cof(nwd\u>) > A. Each subset of A w of the cardinality less than A has 
to be nowhere dense, therefore non(nwdx^) = A. 

Theorem 12. If Xis a metric space such that any non-empty open 
subset of X has density X, then cof(nwd\^) = cof(nwdx)- 

Proof. Let Y(X) be the universal cx-discrete metric space in the class of 
all cr-discrete metric spaces of the cardinality less or equal to A. One 
can define T(A) similar as the space Y(S) in [IHj p. 41 or as Q(r) in 
[20J p. 217. One can check that X and X u contain dense homeomorphic 
copies of Y(X), compare the proof of Theorem 1 in [TE| or Corollary 
7.7 in [213] or Theorem 1 in [TB|- We are done by Corollary El D 

If Q C R is the set of rational numbers, then the square Q x Q 
is 7-dense. Therefore one infers that non(nwdy) = add(nwdy) = u . 
LemmaHnior Corollary [TT] hold for the topology a, since nwd a = nwdr. 
It is impossible to use 7 instead of r in these facts. Indeed, cof(nwdy) > 
2 W implies cof(nwdQ X Q) < cof(nwd^), whenever Q x Q inherits its 
topology from the topology 7. 
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